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~f: Gauss ©Ù
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UY¦^VÇØ�Ä�Vg�ÎÒ.

• (Ω,F ) ��ÿ�m, Ù¥
◦ ���m Ω : ����8Ü,
◦ Ω þ�¯�� F : ¯���N, ÷v

(1) ∅,Ω ∈ F ;
(2) A ∈ F %¹ Ac ∈ F ;
(3) An ∈ F , n ≥ 1 %¹

⋃
n≥1

An ∈ F .
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únzVÇ

• �ÿ�m (Ω,F ) þ�VÇÿÝ P(·): F → [0, 1],
÷v
(1) �K5: P(A) ≥ 0, A ∈ F ;
(2) 5�5/�K5: P(Ω) = 1;
(3) ���\5: é F ¥p½����¯� {An : n ≥ 1}, k

P(
⋃
n≥1

An) = ∑
n≥1

P(An).

n�| (Ω,F ,P) ¡�VÇ�m.
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• P ´ (Ω,F ) þ÷v P(Ω) = 1 ��K8Ü¼ê.

(op², 1996: ½n1.5.1)

P äk���\5 ⇔ P äk

{
k��\5,
eëY5.

(eëY5:) e An ∈ F , n ≥ 1 �4O, K

P(
⋃
n≥1

An) = lim
n→∞

P(An).

• éu���ÿÝ,

P äk���\5 ⇔ P äk

{
k��\5,
g���\5.
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VÇ�m�~

~ 1. � Ω ´��8Ü, A ⊂ Ω: ��f8. ½Â

F = {∅,Ω,A,A},
P(∅) = 0,P(Ω) = 1,P(A) = p,P(A) = 1− p,

0 < p < 1.

@o, (Ω,F ,P) ´�{ü��²��VÇ�m. ]
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~ 2. (�;VÇ�.)
� Ω ´��k���8Ü, F ´ Ω �f8�N,
é A ⊂ Ω, ½Â

P(A) :=
#(A)

#(Ω)
,

Ù¥, # L« Ω þ�OêÿÝ.

(Ω,F ,P) ´���;VÇ�m.

�d�, z�Ä�(J��U/u). ]
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^ Lebesgue ÿÝ�Ñ���U5.

~ 3. (AÛVÇ�m)
� Ω = (a, b), F ´d Ω ¥¤km8)¤� σ−�ê.
- m ´ (Ω,F ) � Lebesgue ÿÝ, 'X,

é(c, d) ⊆ (a, b), m(c , d) = d − c .

é?¿ A ∈ F ,
P(A) =

m(A)

b− a
.

@o, (Ω,F ,P) ´��AÛVÇ�m. ]
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�ÅCþ=¢��ÿ¼ê

5. � (Ω,F ) Ú (Ω′,F ′) ´ü��½�ÿ�m,
ξ : Ω 7→ Ω′ þN�. e

ξ−1(A) ∈ F , ∀A ∈ F ′,

K¡ ξ ´�ÿN�. e (Ω′,F ′) = (R,B) K��ÅCþ:

�½VÇ�m: (Ω,F ,P).

½Â 1.1.3:

� ξ : Ω −→ R, XJé?Û x ∈ R,

k {ξ ≤ x} ∈ F , @o ξ ¡��ÅCþ.
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~^�� σ−�ê

• � ξ : Ω→ R þ�N�,

¡ σ(ξ) := ξ−1(B) �d ξ )¤� σ−�ê.

• ����, � T ´���I8, é i ∈ T , k ξi : Ω −→ R.
P

σ(ξi , i ∈ T ) := σ{ξ−1i (B), i ∈ T}
(: d {ξ−1i (B), i ∈ T} )¤� σ−�ê)

¡�d {ξi , i ∈ T} )¤� σ−�ê.
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~ 4. �þk 6 �Æ), ?Ò©O´ 1 ∼ 6 Ò, Ù¥

1 ∼ 4 Ò´I), 5 ∼ 6 Ò´å),

1, 2, 6 Ò�úº, 3, 4, 5 ÒØ�úº.

?��¶Æ),

X =

{
0, å),
1, I),

Y =

{
0, Ø�úº,
1, �úº,

(1) �ÑVÇ�m (Ω,F ,P);
(2) �Ñ σ(X ), σ(Y ), σ(X ,Y );
(3) O� P(X = 0,Y = 1).
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½Â 1.1.3:

�A�, ¡¼ê F (x) := P(ξ ≤ x), x ∈ R � ξ �©Ù¼ê,

P� ξ ∼ F (x).

©Ù¼ê�5�k

(1) F ´4O�;

(2) F ´mëY�;

(3) (5�5) lim
x→−∞

F (x) = 0, lim
x→+∞

F (x) = 1.

��/, R þ÷vþ¡5��¼ê¡�´©Ù¼ê, {¡©Ù.

(VÇØ¥, VÇÿÝÏ~�¡�©Ù, Ø�¿«©ùü�¶c.)
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~�©Ù

• ëê� λ > 0 � Poisson ©Ù P(λ):

P(X = k) =
e−λλk

k !
, k = 0, 1, 2, · · · .

~^5£ã,ã�mS,�Åu)�¯�u)�gê.

5. Poisson ©Ù´Nõ©Ù�Cq.
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~ 1.1.2 : (�é¯K) ò n �IÒ�¥�\ n �IÒ�Ýfp, b�
z�Ýf���¥. ^ ξ L« n |¥/¤��éê, @o ξ
�©Ù

pk(n) := P(ξ = k) =
1

k !

n−k
∑
j=0

(−1)j 1
j !
, 0 ≤ k ≤ n. (1)

� n é��, k

P(ξ = k) ' e−1

k !
, (2)

�Ò´` ξ �ØõÑlëê� 1 � Poisson ©Ù.
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y. (1) ^ Ai L«1 i |�¤é, k

P(Ai ) =
(n− 1)!

n!
, P(AiAj ) =

(n− 2)!
n!

, i 6= j , · · · ,

P(A1A2 · · ·An) =
1

n!
.

d\{úª, é?¿ n ≥ 1,

p0(n) = 1−P(
n⋃

i=1

Ai )

=1−
[
nP(A1)− C 2

nP(A1A2) + · · ·+ (−1)n−1P(A1 ∩ · · ·An)
]

=1− 1+
1

2!
+ · · ·+ (−1)n 1

n!
=

n

∑
j=0

(−1)j 1
j !
.
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�â¦{�n, é?¿ k ≤ n,

pk(n) =
C k
n p0(n− k) · (n− k)!

n!
=

p0(n− k)

k !
.

¤±

P(ξ = k) =
1

k !

n−k
∑
j=0

(−1)j 1
j !
, 0 ≤ k ≤ n.

(2) � n ¿©�, k

P(ξ = k) ≈ e−1

k !
,

�Ò´`, ξ �Øõ´ëê´ 1 � Poisson ©Ù. ]
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• ëê� α(> 0) ��ê©Ù Exp(α): �Ý¼ê

f (x) =

{
αe−αx , x > 0,

0, x ≤ 0.

éA�©Ù¼ê

F (x) =

{
1− e−αx , x > 0,

0, x ≤ 0.

(¢#5:) � ξ ∼ Exp(α), é?Û x , y > 0, k

P(ξ > x + y |ξ > x) = P(ξ > y).
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�ÅCþ¼ê

SK: 3. (XÛ^��Åê)¤�Åê. )
XJ�ÅCþ U ∼ U(0, 1), F (x) ´���½�©Ù¼ê, K
F−1(U) �©Ù¼ê´ F . Ù¥ F−1 ´ F �(2Â)�¼ê.
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�ÅCþ�êÆÏ"

• � ξ ´lÑ.�, ee¡?ê�3,

E[ξ] =
∞

∑
n=1

xnP(ξ = xn);

• � ξ ´ëY.�, ee¡È©�3,

E[ξ] =
∫ ∞

−∞
xp(x)dx .
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���ÅCþ�êÆÏ"

� ξ ∼ F (x), XJ ∫ ∞

−∞
|x |dF (x) < ∞,

Ù¥È©´ Riemann-Stieltjes È©, @o ξ �êÆÏ"´

E[ξ] =
∫ ∞

−∞
xdF (x).

Ï"´�ÅCþ�¥%, ½ö²þ.
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Ï"�5�:

1 E[1] = 1;

2 E[aξ + bη] = aE[ξ] + bE[η];

3 e ξ ∼ F (x), f : R 7→ R ´ Borel �ÿ¼ê, K

E[f (ξ)] =
∫ ∞

−∞
f (x)dF (x),

eþªü>�3.

4 XJ ξ, η Õá, @o E[ξη] = E[ξ] ·E[η].
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�ÅCþ���

éu²��È��ÅCþ, �½Â��

D [ξ] := E[(ξ −E[ξ])2] = E[ξ2]− (E[ξ])2.

��£ã�ÅCþ��Å5��.
• 5�:

1 D [1] = 0;

2 D [cξ] = c2D [ξ];

3 XJ ξ, η Õá, @o D [ξ + η] = D [ξ] +D [η].
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���5�(Y)

éu�ÅCþ ξ, b� Eξ2 < ∞.

• e^��~ê c �O ξ, Á¯ c ���Û��,

þ�Ø� E[(ξ − c)2] ��?

¯¢þ, d

E[(ξ − c)2] = D(ξ) + (E[ξ]− c)2,

��
��=� c = Eξ �, E[(ξ − c)2] ��.
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~f: Gauss ©Ù
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�Å�þ�éÜ©Ù

�½VÇ�m (Ω,F ,P). � X1, · · · ,Xn �Ùþ n ��ÅCþ,
K

(X1, · · · ,Xn) ��Å�þ.

�A�, é?¿¢ê x1, x2, · · · , xn, ½ÂéÜ©Ù¼ê

F (x1, x2, · · · , xn) := P(X1 ≤ x1,X2 ≤ x2, · · · ,Xn ≤ xn).

éA�, z��©þ Xi �©Ù¼ê Fi (xi ) ¡�>�©Ù¼ê.
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~f: Gauss ©Ù
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�Å�þ�éÜ©Ù

• XJ (X1, · · · ,Xn) ´lÑ., ÙéÜ©ÙÏ~^©ÙÆ�x:

p(x1, · · · , xn) := P(X1 = x1, · · · ,Xn = xn),

∀ x1, · · · , xn ∈ R;

• XJéÜ©Ù¼êk�Ý:

dF (x1, · · · , xn) = p(x1, · · · , xn)dx1 · · ·dxn,

Ò`�Å�þ´ëY.�, �A�Ý¡�éÜ�Ý¼ê.
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Õá5

• eé?¿¢ê x1, x2 · · · , xn,

F (x1, x2, · · · , xn) = F1(x1)F2(x2) · · · Fn(xn),

K¡�ÅCþ X1, · · · ,Xn �pÕá. ,kXe¿�^�:

• (ëY.) é?¿¢ê x1, x2 · · · , xn,

p(x1, · · · , xn) = p1(x1) · · · pn(xn),

Ù¥ pi ´ Xi ��Ý¼ê.

• (lÑ.) é?¿¢ê x1, x2 · · · , xn,

P(X1 = x1, · · · ,Xn = xn) = P(X1 = x1) · · ·P(Xn = xn).
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

�����'Xê

�é²��È����Å�þ (X ,Y ),

• X ,Y ����

cov(X ,Y ) := E[(X −E[X ])(Y −E[Y ])];

• X ,Y ��'Xê

ρ(X ,Y ) :=
cov(X ,Y )√
D(X )D(Y )

.

(�ö�½§Ýþ£ã X ,Y �m��5'X.)
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

5. 1. Cauchy-Schwarz Ø�ª:

|cov(X ,Y )| ≤
√

D(X )D(Y );

2. �'Xê�ýé�Ø�L 1.

School of Mathematics, SHUFE 1�Ù VÇØã�



�ÅCþ
�Å�þ
4�½n

Ý1¼ê�1¼ê

éÜ©Ù
�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

���Ý


�é n ��Å�þ (X1, · · · ,Xn), d���|¤�Ý


[cov(Xi ,Xj )]1≤i ,j≤n

¡�´�Å�þ����Ý
.

5. ���Ý
´��é¡�K½Ý
.
¯¢þ, é?¿ (x1, · · · , xn) ∈ Rn,

∑
i ,j

xicov(Xi ,Xj )xj = D

(
n

∑
i=1

xiXi

)
≥ 0.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

5. ���Ý

• ��=�÷��, §´�½�.
• �§Ø´÷��, Ò`§´òz�. 'X,
� n = 2 �,

���Ý
òz�du�'Xê |ρ| = 1,

=�ÅCþ�5�'; ��|Üaq.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

~ 1.2.1 � A = (ai ,j ) ´é¡�½Ý
, �Ý¼ê

p(x) =
1√

|A|(
√
2π)n

exp

{
−1

2
xA−1xT

}
, x ∈ Rn.

(�¡¡�¥%z��©Ù)

5. A é¡�½��=� A−1 é¡�½.

• 3þª¦^ A−1 �8��´�
� n = 1 ��L«Ú�.

• �3é¡�½Ý
 B = (bi ,j ) : B2 = A, l


A−1 = (B−1)2.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

n ���©Ù, ½¡ Gauss ©Ù

½Â:

XJ a = (a1, a2, · · · , an) ∈ Rn, A é¡�½, @o�Ý¼ê

p(x) =
1√

|A|(
√
2π)n

exp{−1

2
(x − a)A−1(xT − aT)}, x ∈ Rn,

éA�©Ù¡�´ (ëê� a,A �) n ���©Ù. P�

X = (X1,X2, · · · ,Xn) ∼ N(a,A).

• � a = 0 �¡�¥%z��©Ù; ?�Ú/,
A ´ü Ý
 I , ¡�´IO��©Ù, P� N(0, I ).

• e X ∼ N(a,A), K

(X − a)
√
A
−1

= (X − a)B−1 ∼ N(0, I ).
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

5. ���Å�þ´��©Ù���=�

Ù�Ý¼ê�x 7→ C · exp(−φ(x)),

Ù¥ C : ~ê, φ : k�����g..
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

Gauss ©Ù�5�

·K:

� X = (X1, · · · ,Xn) ∼ N(a,A) , K

• Ùz�©þÑ´��©Ù�. ���/,

• ξ �?Ûõ�©þ|¤��Å�þE´��©Ù�.

y. �y (X2, · · · ,Xn) ´��©Ù.
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�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

y. �y (X2, · · · ,Xn) ´��©Ù. Äk

(x2, · · · , xn) 7→
∫ +∞

−∞
p(x1, x2, · · · , xn)dx1,

Ø�� a = 0, K�g.���

xA−1xT = a11(x1 +
n

∑
i=2

bixi )
2 + x0A0x

T
0 ,

Ù¥ x0 = (x2, · · · , xn), A0 ´ n− 1 �é¡�½�
. ¤±∫ +∞

−∞
exp

{
−1

2
xA−1xT

}
dx1 = C · exp

{
−1

2
x0A0x

T
0

}
, C : ~ê,

� (X2, · · · ,Xn) �´��©Ù�.
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�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

Gauss ©Ù�Ï"

• XJ X ´¥%z�, @o

EXi =
∫
Rn

xip(x)dx = 0, x = (x1, x2, · · · , xn),

Ï� xi fX (x) ´¥%é¡�.

• XJ X ∼ N(a,A), @o X − a ´¥%z�, ¤±

EXi = ai , i = 1, 2, · · · , n.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

Gauss ©Ù����


• Ø�� X ´¥%z�, Ï� X − a Ú X k�Ó���.

1. � X ´IO���, Ù���Ý
Ò´ü Ý
; d�,

X1, · · · ,Xn�pÕá�IO��©Ù�.

2. (^Ý
��ó)
XJ Y = XB−1 ´IO��©Ù, KÙ���Ý
´ü Ý

, l


EX TX = B ·EY TY · B = B2 = A.
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éÜ©Ù
�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

�ÅCþ�ÕáÚ

òÈúª

XJ X ,Y Õá��Ý¼ê©O� f Ú g , K§��Ú X + Y �
�Ý¼ê h ´§��òÈ:

h = f ∗ g ,

i.e., éu x ∈ R,

h(x) =
∫ +∞

−∞
f (x − y)g(y)dy .

. k2)5�~�©Ù:
��©Ù, Poisson ©Ù, ��©Ù, Gamma ©Ù, ��.
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�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

~ 1.2.5 � {Xn} ´ÕáÓ©Ù�ÅS�, Ñlëê� α ��ê©
Ù. - S0 = 0,

Sn =
n

∑
k=1

Xk .

eÀ Xn ����m, Sn �À�1 n ��Å&Ò����m, g, Sn Ñl Γ ©Ù Γ(n, α).

é?Û t ≥ 0, -

N(t) := sup{n : Sn ≤ t},

O� N(t) �©Ù.

5.
Sn ≤ t < Sn+1 ��=� N(t) = n.

�Ò´`, N(t) ´ t ��c®���&Òêþ.
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éÜ©Ù
�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

).

P(N(t) = n) = P(Sn ≤ t < Sn+1)

= P(Sn ≤ t < Sn + Xn+1)

=
∫ t

0

αn

(n− 1)!
xn−1e−αxdx

∫ ∞

t−x
αe−αydy

= e−αt αn

(n− 1)!

∫ t

0
xn−1dx = e−αt (αt)

n

n!
,

�Ò´`, N(t) Ñlëê� αt � Poisson ©Ù. ]

School of Mathematics, SHUFE 1�Ù VÇØã�



�ÅCþ
�Å�þ
4�½n

Ý1¼ê�1¼ê

éÜ©Ù
�������Ý

~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

^SÚOþ

5. �ÄÕá�ÅS� {ξi }ni=1 Ñ´ëY.©Ù�, �@�§�pØ�Ó, ­#Ul����^Sü��

ξ(1) , ξ(2) , · · · , ξ(n) .

½Â:

éu?¿� ω ∈ Ω, ξ(i)(ω) L« n �¢ê ξ1(ω), · · · , ξn(ω)
l���ü���1 i �ê, =ÎÒ (i) �L�ÅSÒ:
é?¿ ω, (i)(ω) = j ��=�

ê ξj (ω) 3±þü�¥ü31 i � �.

�ÅCþ ξ(1), · · · , ξ(n) ¡� {ξi} �^SÚOþ.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

5. (é¡5) `�Å�þ (ξ1, · · · , ξn) ´é¡�†,
XJéu (1, · · · , n) �?¿���� (σ1, · · · , σn),

(ξσ1 , · · · , ξσn) � (ξ1, · · · , ξn) Ó©Ù,

�Ò´`©Ù�^SÃ'.

⇒ 1 dé¡5, {ξi} ��«ØÓ^Sü�A´��Uu)�.
2 ((1), (2), · · · , (n)) �´�Å�þ. ((1), (2), · · · , (n))

3 1, 2, · · · , n �¤k^S�8Üþ´þ!©Ù�.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

(½�^¼ê5L�ù«©Ù�é¡5µ)

` (ξ1, · · · , ξn) ´é¡�´�, é?¿�K½k. Borel �ÿ¼
ê f : Rn 7→ R, k

Ef (ξ1, · · · , ξn) = Ef (ξσ1 , · · · , ξσn).

·K:

e ξ1, · · · , ξn ´ÕáÓ©Ù�, K§���Å�þ´é¡�.
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~f: Gauss ©Ù
�Å�þ¼ê: ÕáÚ, ^SÚOþ

~. ¦ ξ(i) �©Ù, i = 2, · · · , n− 1.

). é?Û x ∈ R, ξ(i) ≤ x ��=�

{ξi}ni=1 ¥��k i ��ÅCþØ�L x .

P¯� Ak :=“�ÅS�¥Tk k �Ø�L x”, K

P(Ak) = C k
n P(ξ1 ≤ x , · · · , ξk ≤ x , ξk+1 > x , · · · , ξn > x)

(|^é¡5)

= C k
n F (x)

k(1− F (x))n−k (: ��©Ù B(n,F (x)).

Ïd¤¦©Ù¼ê´

P(ξ(i) ≤ x) =
n

∑
k=i

C k
n F (x)

k(1− F (x))n−k

=
n!

(i − 1)!(n− i)!

∫ F (x)

0
t i−1(1− t)n−idt (�SK 10).

]
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�ÅCþ
�Å�þ
4�½n

Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

�
Ø�ª

Chebyshev Ø�ª

éu²��È� X ,

P(|X | > ε) ≤ E[|X |2]
ε2

.

=��VÇ©Ù���Ý, =�ddØ�ª��VÇ�..

5. ~��nØy²�óä. 'X,
1 y²��� 0 ��ÅCþÒ´òz©Ù�;
2 y² Bernoulli �ê½Æ.
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Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

Bernoulli �ê½Æ

é?Û ε > 0, k

lim
n

P

(∣∣∣∣ ξnn − p

∣∣∣∣ > ε

)
= 0.

�VÇÂñ5

� {ξn} ´���ÅCþS�, ξ ´���ÅCþ.
eé?Û ε > 0,

lim
n

P({|ξn − ξ| ≥ ε}) = 0,

K¡ {ξn} �VÇÂñu ξ, P� ξn
p−→ξ.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

A�??Âñ

� {ξn} ´���ÅCþS�, ξ ´���ÅCþ. e

P(lim
n

ξn = ξ) = 1,

K¡ ξn A�??½ö±VÇ 1 Âñu ξ. P� ξn
a.s.−→ξ.

(e¡'5ü«Âñ5�'X.)

School of Mathematics, SHUFE 1�Ù VÇØã�



�ÅCþ
�Å�þ
4�½n

Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

5. éu¯�� An ∈ F , n ≥ 1, ½Âþ!e4�¯�:

• lim sup
n→∞

An :=
∞⋂

k=1

∞⋃
n=k

An

={ω ∈ Ω : ∃{kn} ⊂N s.t. ω ∈ Akn , n ≥ 1};
(: Ã¡õ� An u).)

• lim inf
n→∞

An :=
∞⋃

k=1

∞⋂
n=k

An

={ω ∈ Ω : ∃N ∈N s.t. ω ∈ An, n ≥ N}.
(: �õk�� An Øu).)
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Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

Borel-Cantelli Ún

½n 1.3.2:

� {An, n ≥ 1} ´¯��.

(1) e
∞

∑
n=1

P(An) < ∞, K

P(lim sup
n→∞

An) = 0;

(2) e {An} ´Õá¯���
∞

∑
n=1

P(An) = ∞, K

P(lim sup
n→∞

An) = 1.
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Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

y. (1) Äk
P(lim sup

n
An) = lim

n
P(
⋃
k≥n

Ak),

Ï�?ê
∞

∑
n=1

P(An) Âñ, ¤±

P(
⋃
k≥n

Ak) ≤ ∑
k≥n

P(Ak) −→ 0.
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Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

y. (2) é n < N, du {An} Õá,

P(
N⋂

k=n

Ac
k) =

N

∏
k=n

(1−P(Ak))

≤
N

∏
k=n

e−P(Ak ) = exp{−
N

∑
k=n

P(Ak)}.

�

lim
N→∞

P(
N⋂

k=n

Ac
k) = 0,

= P(
∞⋃

k=n

Ak) = 1, �

P(lim sup
n

An) = 1.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

ü«Âñ5�'X

5. 1 A�??Âñ�du, é?Û ε > 0, k

P(lim sup
n→∞

{|ξn − ξ| > ε}) = 0.

íØ 1.3.1

XJé?Û ε > 0,

∑
n≥1

P(|ξn − ξ| > ε) < ∞,

@o� n→ ∞ �, k ξn
a.s.−→ξ.

2 A�??Âñ%¹�VÇÂñ, ��Øé.
(�~�Ö¥~ 1.3.1.)
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Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

Borel r�ê½Æ

½n 1.3.3

XJ {ξn, n ≥ 1} ´ÕáÓ©Ù��ÅS�� Eξ41 < ∞, @o
{ξn} ÷vr�ê½Æ, =

1

n

n

∑
i=1

ξi
a.s.−→E[ξ1].
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

y. Äk´y Chebyshev Ø�ª¥�²��±�¤?Û�ê�,
~X 4, =

P(|X | > ε) ≤ E[|X |4]
ε4

.

díØ 1.3.1, �Iy²

∑
n

P({
∣∣∣∣∣1n n

∑
i=1

ξi −Eξ1

∣∣∣∣∣ > ε}) < ∞.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

£ÁÐmúª(
n

∑
i=1

xi

)k

= ∑
k1,··· ,kn �K�Ú� k

k !
k1! · · · kn!

xk11 · · · xknn ,

,�d Chebyshev Ø�ª,

∑
n

P

({∣∣∣∣∣1n n

∑
i=1

ξi −Eξ1

∣∣∣∣∣ > ε

})
≤∑

n

1

(εn)4
E

[
(

n

∑
i=1

(ξi −Eξi ))
4

]

= ∑
n

1

(εn)4

(
E

n

∑
i=1

(ξi −Eξi )
4 + 6 ∑

1≤i<j≤n
E(ξi −Eξi )

2(ξj −Eξj )
2

)

= ∑
n

1

(εn)4
(nE(ξ1 −Eξ1)

4 + 3n(n− 1)(Dξ1)
2) < ∞, �y.
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Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

~ 1.3.2 ^�)a?1Ý],
=b� 1>zÏÕ1|Ç r > 0;

1 zÏ�Ý]ÂÃÇ��ÅCþ X > −1;
2 S0 L«Ð©Ý]�, ´~ê; Sn L« n ÏÝ]���ãL.

K
Sn = S0(1+ X1)(1+ X2) · · · (1+ Xn),

Ù¥ X1,X2, · · · ,Xn �1 1, 2, · · · , n Ï�Ý]ÂÃÇ.

=b� 2> Ý]�8­½: {Xn} Õá�� X Ó©Ù.

¯K: ´Ä�3Ý]�²?

◦ �²´�Ï"éW*�Ý]%A�o´º��, =

éuA�¤k ω ∈ Ω, Sn(ω) −→ 0.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

Ý]�²��35: �3ù���ÅÂÃÇ X , ¦�

(1) E[Sn] −→ +∞;

(2) Sn
a.s.−→0.

y. (1) dÏ"�5�

E[Sn] = S0(E[1+ X ])n = S0(1+ E[X ])n,

Ï� E[X ] > r > 0, ¤±

Ï"ÂÃ E[Sn] ªuÃ¡.

(2) Ï� Sn = S0exp

(
n

∑
i=1

log(1+ Xi )

)
. dr�ê½Æ,

� E[log(1+ X )] < 0 �,

n

∑
i=1

log(1+ Xi )→ −∞, ù� Sn
a.s.−→0.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

�²^� {
E[1+ X ] > 1 (�du logE[1+ X ] > 0),
E[log(1+ X )] < 0.

5¿,

1 é�§Ý´Ï�éê¼ê�]5. �â Jensen Ø�ª,

E[log(1+ X )] ≤ log(1+ E[X ]).

2 ·�À� X �©Ù, m>´��, ��>�U¬K�.
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Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

b�: Ý]kº���U, =

X :
{
�U�u 0 (J|),
��U�u 0 (º�).

�Ä�{ü�

X ∼
(

a b
1− p p

)
, Ù¥− 1 < a < 0, b > 0,

K

log(1+ X ) ∼
(
log(1+ a) log(1+ b)

1− p p

)
.

d�, �²^��du{
pb+ (1− p)a > 0,
p log(1+ b) + (1− p) log(1+ a) < 0.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

'5¼ê f (x) = log(1+ x):

. é p ∈ (0, 1), E[X ] = pb+ (1− p)a ∈ (a, b), 3�� ` þ

éA�:T´ E[log(1+ X )].
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

�²«

3 x > 0 �, f (x) > 0, ���þk�ã%�u 0.

step 1 �� ` � y = 0 ��:î�I

x0 = b− (b− a) log(1+ b)

log(1+ b)− log(1+ a)
∈ (0, b).

step 2 é� p, ¦� pb+ (1− p)a ∈ (0, x0).
¯¢þ, )Ø�ª

0 < pb+ (1− p)a < x0,

�

0 <
−a
b− a

< p <
x0 − a

b− a
< 1.
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

o(

� 0 <
−a
b− a

< p <
x0 − a

b− a
< 1 �, �²^�÷v:

E[1+ X ] > 1 � E[log(1+ X )] < 0,

d�ÑyÝ]�²y�. ]
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(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

4��Ï"��

¯K: � Xn A�??Âñu,��ÅCþ�, ´Äk

lim
n

E[Xn] = E[lim
n

Xn]?

• XJU, ·�Ò`4��Ï"�±��.

School of Mathematics, SHUFE 1�Ù VÇØã�



�ÅCþ
�Å�þ
4�½n

Ý1¼ê�1¼ê

(f)�ê½Æ
Borel-Cantelli Ún
Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

�o^�e4�ÚÏ"�±��?

1 üNÂñ½n: XJ Xn ´�K�ÅS��üN4O, K�±
��

E[lim
n

Xn] = lim
n

E[Xn];

2 Fatou Ún: XJ Xn ´�K�ÅS�, KkØ�ª

E[lim inf
n

Xn] ≤ lim inf
n

E[Xn];

3 Lebesgue ��Âñ½n: XJ Xn A�??Âñ��3�È
� Y , ¦� |Xn| ≤ Y , K�±��

E[lim
n

Xn] = lim
n

E[Xn].
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Borel r�ê½Æ9ÙA^: Ý]�²
4��Ï"��

~. � Ω = (0, 1), F ´Ù¥m8)¤� σ−�ê, P �Ùþ
Lebesugue ÿÝ. -

Xn(ω) =(−1)nn1(0, 1n )(ω)

=

{
(−1)nn, � ω ∈ (0, 1n ) �,
0, � ω ∈ [ 1n , 1) �,

Ké?¿ ω ∈ Ω,

lim
n→∞

Xn(ω) = X (ω) = 0,

E[X ] = 0, 
 E[Xn] = (−1)n �4�Ø�3, =

E[Xn]¿ØÂñu EX .

]
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Ý1¼ê
1¼ê

Ý1¼ê

: �ÅCþ¼ê�êÆÏ".

½Â 1.6.1:

éu�ÅCþ X ∼ F , ee¡�êÆÏ"�3, K¡

ψX (t) := E[etX ] =
∫
R

etxdF (x), t ∈ R.

� X �Ý1¼ê.

~� ©Ù�Ý1¼ê�O�, �Ö¥~ 1.6.1 (1), (2).
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Ý1¼ê
1¼ê

�ÅCþ¼ê�Ï"

~ 1.6.1 (3) � X ∼ N(µ, σ2), ¦ÙÝ1¼ê.

£�~ 1.1.13: � ξ ∼ N(0, 1), a ∈ R, Kk

Eeaξ =
∫
R

eax · 1√
2π

e−
1
2 x2 dx =

1√
2π

∫
R

e−
1
2 (x2−2ax)dx

=
1√
2π

∫
R

e−
1
2 (x−a)2 e

1
2 a2dx = e

1
2 a2 .

). � ξ = X−µ
σ , Kd

E[ea
X−µ

σ ] = Eeaξ = e
1
2a

2
,

2P a
σ � a, ��

EeaX = exp{µa+ 1

2
σ2a2}.

]
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5. Ý1¼êXJ�3, K��(½��VÇ©Ù(�Ö¥
~ 1.6.2).

(1) ÏL ψX (t) �¦Ñ X ���Ý:

E[X n] = ψ
(n)
X (0), n ≥ 1.

(2) e X ,Y �pÕá, K

ψX+Y (t) = ψX (t) · ψY (t).

(�Ö¥~ 1.6.3.)
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1¼ê

Äk �é¢ê� a = {a0, a1, · · · , an, · · · }, XJ�?ê

Ga(z) := a0 + a1z + a2z
2 + · · ·+ anz

n + · · · ,

3 0 :�������þÂñ, K¡§�ê� a �1¼ê.

½Â 1.6.2

� ξ ´ Z+-��ÅCþ, KÙVÇ©ÙÆ´��k.ê�, ½Â

Gξ(z) := ∑
n≥0

znP(ξ = n),

¡�� ξ �1¼ê.

School of Mathematics, SHUFE 1�Ù VÇØã�



�ÅCþ
�Å�þ
4�½n

Ý1¼ê�1¼ê

Ý1¼ê
1¼ê

1¼ê�5�

(1)
Gξ(z) = E[zξ ], lim

z↑1
Gξ(z) = P(ξ < +∞).

(2) XJ ξ, η : �K�ê��ÅCþ� Gξ = Gη, @o

ξ � η Ó©Ù.

(3) � Z+-��ÅCþ ξ �1¼ê´ Gξ , @o

Eξ = G ′ξ(1), Eξ2 = G ′′ξ (1) + G ′ξ(1), · · · .

¯¢þ,

G ′ξ(z) = ∑
n≥0

nP(ξ = n)zn−1,

G ′′ξ (z) = ∑
n≥1

n(n− 1)P(ξ = n)zn−2.
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5. 1. ê� {un} � {vn} �òÈ, �½Â�Xeê�

{u0vn + u1vn−1 + · · ·+ unv0 : n ≥ 0}.

2. XJ Z+-��ÅCþ ξ, η Õá, @o

ξ + η �©Ù�´ ξ � η �©ÙÆ�òÈ.

½n 1.6.1:

Õá Z+-���ÅCþ ξ, η �Ú ξ + η �1¼ê

Gξ+η(z) = Gξ(z)Gη(z).

(T5��A�¼ê, Ý1¼êaq.)
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